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Abstract. Rajchman measures of locally compact Abelian groups are stud- 
ied for almost a century now, and they play an important role in the study 
of trigonometric series. Eymard's influential work allowed generalizing these 
measures to the case of non-Abelian locally compact groups G. The Rajch- 
man algebra of G, which we denote by B(){G), is the set of all elements of the 
Fourier- Stieltjes algebra that vanish at infinity. 

In the present article, we characterize the locally compact groups that have 
amenable Rajchman algebras. We show that Bq{G) is amenable if and only 
if G is compact and almost Abelian. On the other extreme, we present many 
examples of locally compact groups, such as non-compact Abelian groups and 
infinite solvable groups, for which Bq{G) fails to even have an approximate 
identity. 
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1. Introduction 

Amenability of a group is a fundamental notion in analysis that was originally in- 
troduced by von Neumann in 1929. This remarkable property has many equivalent 
definitions and various interpretations. For instance, one can think of amenability 
as the existence of a translation-invariant averaging condition for a locally compact 
group. In 1972, Johnson defined amenable Banach algebras as those satisfying a 
certain cohomological property I20j . The choice of terminology was inspired by 
Johnson's well-known theorem demonstrating the equivalence of amenability for a 
locally compact group and its convolution algebra |20| . The concept of amenability 
turned out to be extremely fruitful in the theory of Banach algebras. For exam- 
ple, Connes U and Haagerup [15] showed that for C*-algebras, amenability and 
nuclearity coincide. 

We recall that a measure n in the measure algebra of a locally compact Abelian 
group is called a Rajchman measure if 

lim jji{x) = 0. 

X-i-oo 

The importance of Rajchman measures first became apparent in the study of 
uniqueness of trigonometric series. In 1916, Menshov showed that there are closed 
sets of Lebesgue measure zero which are not sets of uniqueness |24| . In his proof, 
Menshov constructs a probability measure ^ supported in a set of Lebesgue measure 
zero whose Fourier transform vanishes at infinity. This is one of the earliest exam- 
ples of measures in Mo(T) which do not belong to L^(T). Hewitt and Zuckcrman 
generalized this result for all non-discrete locally compact Abelian groups [TS] . 
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In his influential work, Eymard [9] defined the Fourier and Fourier- Stieltjes al- 
gebras of locally compact groups, and studied many of their properties. This in 
particular gave rise to a natural generalization of Rajchman measures. The Rajch- 
man algebra associated with a locally compact group G, denoted by Bq^G), is the 
set of elements of the Fourier-Stieltjes algebra which vanish at infinity. It is easy 
to see that the Rajchman algebra is indeed a Banach subalgebra of the Fourier- 
Stieltjes algebra. Note that the Rajchman algebra of a locally compact Abelian 
group can be identified with the algebra of Rajchman measures on the dual group, 
denoted by MoiG). 

The Rajchman algebra of a locally compact group G is the smallest algebra 
that contains the coefficient space associated with every Co-representation of G. 
The Co-representations of a locally compact group have been studied in various 
papers such as [37] and fl9| . Understanding such unitary representations and their 
coefficient spaces, which are certain subspaces of Bo{G), is important due to their 
applications in other areas of mathematics such as the theory of automorphic forms 
and ergodic properties of flows on homogeneous spaces (e.g. see US] and [55]). 

The purpose of this article is to investigate Bq{G) as a Banach algebra. We 
obtain a characterization of the locally compact groups that have amenable Ra- 
jchman algebras. Namely, we prove that amenability of the Rajchman algebra of 
a group is equivalent to the group being compact and almost Abelian, which in 
turn is equivalent to the amenability of its Fourier-Stieltjes algebra. On the other 
hand, we present examples of groups, such as non-compact Abelian groups and 
infinite solvable groups, for which Rajchman algebras do not even have a bounded 
approximate identity. This shows that Rajchman algebras behave widely in terms 
of amenability, since the existence of a bounded approximate identity is a necessary 
condition for amenability or the so-called operator amenability of an algebra. 

Many important Banach algebras in harmonic analysis, e.g. the Fourier and the 
Fourier-Stieltjes algebras, are operator spaces as well. Thus, it is natural to also 
define the notion of operator amenability in order to take the operator space struc- 
ture into account. Combining the famous theorems of Johnson [20| and Ruan [28], 
one observes that for a locally compact group, the amenability of the i^-algebra 
and the operator amenability of the Fourier algebra are equivalent. This fact leads 
one to suspect the analogous relation between the measure algebra and the Fourier- 
Stieltjes algebra. For a locally compact group, it has been shown that the measure 
algebra is amenable if and only if the group is discrete and amenable [6]. Since 
compactness is the dual notion to discreteness, it is natural to conjecture that the 
operator amenability of the Fourier-Stieltjes algebra is equivalent to the compact- 
ness of the group. In 2007, Runde and Spronk |31| found surprising examples of 
noncompact operator amenable Fell groups. These examples disproved the conjec- 
ture, and left the characterization of operator amenability of the Fourier-Stieltjes 
algebras wide open. Our investigation leads us to believe that Rajchman algebras 
of many locally compact groups seem to have as rich a structure as their Fourier- 
Stieltjes algebras, and can be used as a crucial stepping stone in the study of the 
operator amenability of the Fourier-Stieltjes algebras. 

. The remainder of this article is organized as follows. In Section [2J we provide the 
necessary background, review some basics of noncommutativc harmonic analysis, 
and briefly discuss induced representations. In Section [S] we study Mq{G) for 
non-discrete locally compact Abelian groups. Among other results, we show that 
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the Rajchman algebra of a non-discrete locally compact Abelian group does not 
have an approximate identity, which implies that it is not (operator) amenable. 
In Sectional we discuss the functorial properties of Rajchman algebras in certain 
cases such as SIN-groups. A locally compact group is called a SIN-group if it 
has a neighborhood basis of the identity consisting of prc-compact neighborhoods 
which are invariant under inner automorphisms. This is a very natural class of 
groups which contains all Abelian, all compact and all discrete groups. These 
functorial properties allow us to extend our non-amenability results to all non- 
compact connected SIN-groups. The results in Section 2] are used in Section [5] to 
establish the sufBcient and necessary conditions for the amenability of Rajchman 
algebras. In Section O we also present examples of large classes of locally compact 
groups, such as non-compact connected SIN-groups and infinite solvable groups, for 
which Rajchman algebras are not operator amenable. 
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2. Preliminaries 

Let G be a locally compact group with the Haar measure Aq. Let the group al- 
gebra of G, denoted by L^{G), be the Lebesgue space L^{G, Aq). Recall that L^{G) 
equipped with pointwise addition and convolution is a Banach algebra. Let M{G) 
be the space of complex- valued Radon measures on G. We define the convolution 
of two measures /i and v in M{G) to be 

/ f{z)d{fi*iy){z) = / / f{xy)dfi{x)di^{y), 

JG JGJG 

for every / in Cc{G), the set of compactly supported continuous functions on G. 
The measure algebra M{G) equipped with the total variation norm is in fact a 
Banach algebra, which contains the group algebra as a closed ideal. 

Let H be a Hilbert space, and Ui^) denote the group of unitary operators on 
%. A continuous unitary representation of G on 'H is a group homomorphism 
TT : G U{H) which is WOT-continuous, i.e. for every vector ^ and r/ in H, the 
function 

C*^?7:G^C, 9^{TT{g%v) 
is continuous. Functions of the form ^ *7r 77, for vectors ^ and 77 in are called 
the coefficient functions of G associated with the representation tt. One can extend 
TT to a non-degenerate norm-decreasing ^-representation of the Banach *-algebra 
L^{G) to B{H) via 

{Am,v) = / f{x){TT{x)^,v}dx, 

JG 

for every / in L^{G) and vectors ^ and ?y in TL. We use the same symbol tt to denote 
the *-representation extension as well. 

For a locally compact group G, the Fourier- Stieltjes algebra of G, denoted by 
B{G), is the set of all the coefficient functions of G equipped with pointwise algebra 
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operations. Eymard [9] proved that B{G) can be identified with the dual of the 
group C*-algebra of G. Moreover, the Fourier-Stieltjes algebra together with the 
norm from the above duality turns out to be a Banach algebra. The Fourier algebra 
of G, denoted by A{G), is the closed subalgebra of the Fourier-Stieltjes algebra 
generated by its compactly supported elements. Clearly, the Fourier algebra is a 
subalgebra of Gq{G), the algebra of continuous functions on G which vanish at 
infinity. In the special case of locally compact Abclian groups, one can identify the 
Fourier and Fourier-Stieltjes algebras with the L^-algebra and the measure algebra 
of the dual group respectively. In addition to the Fourier and Fourier-Stieltjes 
algebras, one can define the Rajchman algebra associated with a locally compact 
group G to be Bo{G) = B{G) n Co(G), which can be identified with the algebra of 
Rajchman measures on the dual group in the Abelian case. It is easy to see that the 
Rajchman algebra is indeed a Banach subalgebra of the Fourier-Stieltjes algebra. 

Let TT be a continuous unitary representation of G on a Hilbert space "Htt- Let 
At^{G) denote the closed subspace of B{G) generated by the coefficient functions 
of G associated with tt, i.e. 

= Spanc{^ *^ ?7 : ^,7? e -H^}" 

It is easy to see that (G) is a left and right translation- invariant closed subspace 
of B{G). Conversely, by Theorem (3.17) of [1], any closed subspace of B{G) which 
is left and right translation- invariant, is of the form At^{G) for some continuous 
unitary representation tt. Elements of A^{G) have certain forms as described below. 

Theorem 2.1. [1] The Banach space At^(G) consists of all the elements u in B{G) 
which are of the form 

oo 

W = ^ ^ £,n *7r 

1=1 

where ^„ and rjn belong to Ht, and X^i^i llCillll^'ll < Moreover, for every u in 
A.{G), 

oo 

||u||b(g) = inf{^^ ll^ill ll'?*!! ■ " represented as above], 

i=l 

and the infimum is attained. 

Let ^ be a Banach algebra, and X be a Banach ^-bimodule. The dual space 
X* can be naturally equipped with dual module actions as below. 

/ • a(x) — f{a ■ x) and a ■ f{x) = f{x ■ a), for / G X*, a ^ A. 

Then X* is an ^-bimodule, called a dual bimodule. A bounded linear map D from 
A to an ^-bimodule X is called a derivation if for all a and b in A, 

D{ab) ^ D{a) -b + a- D{b). 

A Banach algebra A is called amenable if every continuous derivation D from A to 
a dual ^-bimodule X* is inner, i.e. it is of the form 

D : A-)- X*, D{a) = a ■ x - x ■ a, 

for an element x of X*. 

A Banach algebra A is called a completely contractive Banach algebra if A has 
an operator space structure for which the multiplication map m : A x A A is a, 
completely contractive bilinear map. Similarly, an operator space X is a completely 
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contractive A-bimodule if X is an ^-biniodule, and the left and right module actions 
extend to completely contractive maps on A^X and X(E)A respectively. Operator 
amenability is defined analogue to amenability. A completely contractive Banach 
algebra A is operator amenable if every completely bounded derivation from A to 
a completely contractive dual ^-bimodule is inner. One can refer to [8] for more 
information on operator spaces. 

2.1. Induced representations. The most important method for producing repre- 
sentations is to induce representations for G from representations of its subgroups. 
The resulting representation is called an induced representation. Let H he a, closed 
subgroup of a locally compact group G, and q be the quotient map from G to 
G/H. Assume that the quotient space G/H admits a G-invariant measure /i, i.e. 
^clff = A//. One can always normalize the invariant measure ^ on G/H such that 
for every / in Gc(G), 

(1) / [ f{xh)dhd^{xH) = [ f{x)dx, 

J G/H J H Jo 

where dx and dh denote the Haar measures of G and H respectively. Let tt be a 
unitary representation of iJ on a Hilbcrt space H-^ ■ To define the induced represen- 
tation Ind^TT of G, we first define the new Hilbert space J-' to be || • jj^r^^ -completion 
of the set where 

J"o = {/ e C{G,nn) ■■ g(supp/) is compact kf{xh) = 7r(/i"^)/(x) Va; eG,heH}, 
and for every / in J-'q, 

ll/llk = / Wfi^WnJt^i^H). 

J G/H 

The induced representation Ind^Tr of G is now defined to be left translations of 
functions in J- . 

We usually work with a total subset of J- described as follows. Let Cc{G,T-L-n) 
denote the set of continuous compactly supported "H^-valued functions on G. Then 
the mapping 

V : G,(G, H^) ^ G(G, H-,), {Vf){x) = / TT{h)f{xh)dh 

J H 

is well-defined, and V{Gc{G,'Ht,)) ~ J-q. Let a be a function in Cc{G), and ^ be a 
vector in Tin- We define fa,^ to be 

faxi^) = a{x)(, \fxeG. 

It is easy to see that fa^^ is a compactly supported "HTr-valued function, and the set 

{V{fa,i):aeC,{G),^en} 

is a total subset of T. 

The reader may refer to [11] for details on basic representation theory of locally 
compact groups, and to [30] for the theory of amenable Banach algebras. 
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3. Locally compact Abelian groups 

Throughout this section, let G be a locaUy compact Abehan group, and Mo{G) 
be its algebra of Rajchman measures. Let Mc{G) denote the set of all continuous 
measures in M(G'), i.e. the set of complex bounded Radon measures on G which 
annihilate every singleton. Clearly Mc{G) and Mo{G) are closed ideals of M{G). 
Moreover, Mq{G) is a subset of Mc{G). For a measurable subset E of G, define 
Mc{E) (respectively Mo{E)) to be the set of all measures in Mc{G) (respectively 
Mo(G)) which are supported in the set E. 

Let G be a locally compact Abelian group, and P be a subset of G. Let k{P), 
called the torsion of P, denote the smallest positive integer k such that {kx : x £ 
P} = {Og}, if such an integer exists. Otherwise, set k{P) ~ oo. The set P is called 
strongly independent if for any positive integer A^, any family {pjl^Li of distinct 
elements of P, and any family of integers {j^jj^i, the equality ''^jPj ~ 

implies that Uj is a multiple of k{P) for each 1 < j < N, unless k{P) = oo, in 
which case Uj = for each I < j < N . A reduced sum on a strongly independent 
subset P of torsion k{P) is a formal expression '^^^j riiPi, where / is a possibly 
empty finite index set, pi's are distinct elements of P, and 

O^iiiE Z(mod fc(P)). 

It is easy to see that every x in Gp(P) can be expressed uniquely (up to equivalence) 
as a reduced sum. 

Finally, recall that a closed subspace B of M{G) is called an L-space if it satisfies 
the following condition. 

If ju, e M{G), V e B, and < i^, then ^ e B. 
Note that the above definition of an L-space is equivalent to the definition of a 
band, which has been used in [35]. 

In his rather difficult and technical paper [33] , Varopoulos proved that if G is a 
non-discrete metrisable locally compact Abelian group, then there exists a perfect 
strongly independent subset P of G such that Mq{P) ^ {0}. The following lemma 
shows that one can assume that such a subset P is compact as well. 

Lemma 3.1. Let G be a non-discrete metrisable locally compact Abelian group. 
Then there exists a compact perfect strongly independent subset P of G such that 
M^{P) + {0}. 

Proof. By [39] there exists a perfect metrisable strongly independent subset P' of 
G which supports a nonzero Rajchman measure /xq- K is known that Mq[G) is 
an L-space [2]. Therefore, without loss of generality we can assume that /io is 
a positive measure. Note that /io(P') > and is a Radon measure, therefore 
there exists a compact subset AT of P with iJ,o{K) > 0. But ^o\k belongs to 
Mo(K) = Mo{G) n M{K), because it is a positive measure supported in K and 
dominated by fiQ. Note that supp(/io) is still a perfect set, because is a continuous 
measure. Let P = supp(//o)- Clearly P is a strongly independent set, since it is a 
subset of the strongly independent set P'. Hence P is a compact perfect strongly 
independent subset of G with Mo{P) ^ {0}. □ 

Two measures /x and v are said to be mutually singular^ denoted by n^-V, if there 
exists a partition A\JB of G such that /i is concentrated in A and u is concentrated 
in B. 
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Lemma 3.2. Let G be a non-discrete metrisable locally compact Abelian group, and 
P be a compact perfect strongly independent subset of G such that Mo{P) ^ {0}. 
Then 

1. If X and y are distinct elements of G then Mo{x + P) 1. Mo{y + P). 

2. For each /i in Mc(G), we have X^^gg '^(•^ + P) < oo. 

Proof. 1. First note that if x and y arc distinct elements of G then |(a; + P) n 
{y + P)\ < 2. Indeed, assume that there exist distinct elements zi and Z2 
in {x + P) O {y + P). Then there are pi,p2,p'i, and pJ, in P such that 

zi ^ X + pi = y + p[ and Z2 ^ x + p2 ^ y + p'2, 

which implies that x — y ~ p'l pi — p'2— P2- Therefore x — y should be an 
element oi P — P. Note that since zi 7^ Z2 and x ^ y, we have 

Pl7^P2, P'l7^p'2, Pi 7^ Pi, P2^P'2- 

Note that the element x ~ y in P — P can be expressed uniquely (up to 
permutation) as a reduced sum on P, i.e. one of the following cases happens: 

Case 1: Pi = p'2 and pi = P2, which is a contradiction with zi Z2. 

Case 2: p[ = -~p2 and p'2 ~ — Pi, and x — y ~ — pi — p2 is the unique 
representation oix — y in —P — P. Taking permutations into account, there 
are at most two possibilities for pi and p2 , which implies that 

\{x + P)C^{y + P)\<2. 

Therefore, every continuous measure fi onG treats the sets x + P as disjoint 
sets, i.e. fj.{{x + P)r\{y + P)) = for distinct elements x and y in G. Thus 
Mc{x + P) ± Mc{y + P), and in particular Mo{x + P) ± Mo{y + P). 
2. For any finite number of points zi, . . . , x„ in G, 

n 

J2 + ^ iMi(ur=i(2:. + p)) < i/ii(G) < 00. 

Hence, 

1/^(2^ + ^)1 =snp/cG.|/|<oo 51 + ^ ImI(G) <oo. 
xeG xei 

□ 

Theorem 3.3. Let G be a non-discrete locally compact Abelian group. Then M(){G) 
cannot have an approximate identity. 

Proof. First assume that G is metrisable, and let P be a compact perfect metrisable 
strongly independent subset of G such that Mo(P) 7^ {0}. By Lemma [3?2l the sum 
^^gg /i(a; + P) is convergent for any measure /i in A1q(G). Therefore only for at 
most countably many x in G, fi{x + P) is nonzero. Let v be an element of A/o(G), 
and note that the function x n- /i(.T + P) is equal to i^-a.e. Therefore, 

H*iy{P) = / xp{x + y)dii{x)dv{y)= ^i{-y + P)dv{y)^Q. 

JGJG JG 

Now suppose that is an approximate identity of Mq{G). Let /xg be a nonzero 

measure in Mo{P). Observe that m * Ato(P) = and fJ.o{P) > 0. This implies that 
the net {fii * no}iei does not converge to ^q. Therefore Mo(G) does not have an 
approximate identity. 
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For a general non-discrete locally compact Abelian group G, let H he a. compact 
subgroup of G such that G/H is metrisable and non-discrete. Let q denote the 
quotient map from G to G/H. The map q induces an isometric Banach space 
isomorphism q : Co{G/H) — > Co(G) via composition by q. Define the map tj) from 



Clearly (f), which is in fact the dual of q, is a surjective norm-decreasing Banach 
algebra homomorphism. Moreover, (f){Mo{G)) = Mq{G / H) . 

Suppose that is an approximate identity of Mo{G). Then the net 

is an approximate identity oi M^{G/H). Indeed, for any v in AIq{G/H) 
there exists ^ in Mo{G) such that = z^, and 

lim||zy * - i^\\mo{g/h) = lim\\(f>{fJ.* l-k - M)IU/o(G/ff) < lim||(M* Mi - f^)\\M„{G) = 0. 

This contradicts the fact that the Rajchman algebra of a metrisable non-discrete 
locally compact Abelian group cannot have an approximate identity. □ 

Let G be a non-compact locally compact Abelian group. Then the dual group 
G is non-discrete. Recall that the existence of a bounded approximate identity 
is a necessary condition for (operator) amenability of a (completely contractive) 
Banach algebra. Hence Theorem 13.31 implies the following corollary. 

Corollary 3.4. Let G be a non-compact locally compact Abelian group. Then 
Bq{G) is not (operator) amenable. 



Let G be a locally compact group and _ff be a closed subgroup of G. Then the set 
of restrictions Bo{G)\h is a subspace of Bq{H), which we will show is also closed. 
The extension problem asks whether every function in Bq(H) has an extension in 
Bo{G). It has been proved that for every closed subgroup H oi a locally compact 
group G, one has A{G)\h = ^(^^) (see [36] or [E]). In fact, every function in 
the Fourier algebra of H can be extended to a function of the same norm in the 
Fourier algebra of G. Unfortunately, the analogue of this result does not hold in 
general for the Fouricr-Sticltjcs algebra. However, for a locally compact group G 
and a closed subgroup H, it has been shown that B{H) = B{G)\h if G is Abehan, 
or if H is open, or compact, or the connected component of the identity or the 
center of G. Moreover, Cowling and Rodway [5] answered the extension problem 
of the Fourier- Stieltjcs algebras in affirmative for the case of SIN-groups. In this 
section, we prove similar results for Rajchman algebras. The proof of Theorem 14.31 
is motivated by that of Cowling and Rodway [5] . 

Let us first observe that the restriction map r : Bo{G) — > Bq{H) is not surjective 



showed that Bq{G) = A{G). Using the functorial properties of the Fourier algebra 
together with the fact that Bo(K) ^ A{R), it is clear that Bo{G)\h ^ Bq{H). 
In a consequent paper, wc show that the restriction map between the Rajchman 
algebras of SL2(M) and its certain subgroups fail to be surjective as well. 

Proposition l4.1l follows form Proposition 2.10 of |T]. In order to be self-contained, 
wc include the proof in the present paper. 



Af(G) to M{G/H) to be 




4. Functorial properties of i?o(G) 




Indeed, Khalil [2T] 
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Proposition 4.1. Let H be a closed subgroup of a locally compact group G. Then 
Bo{G)\h is a closed subspace of Ba{H), and for each u in Bq{G), 

\W\h\\bo(H) < \\u\\bo{G)- 

Proof. Note that Bo{G) is a translation-invariant closed subspace of B{G). There- 
fore there exists a unitary representation tt of G such that Bq{G) = ^7r(G). The 
space Bo{G)\h is clearly a subspace of Bo{H), since any representation of G re- 
stricts to a representation of H. Next, observe that ATr{G)\H = ^7r|ff(^^)- Indeed, 
let u be an element of Bq{G). Then by Theorem [23] (ii) 

oo 

U = ^ ^ *7r rjn , 

i=l 

where ^„ and rjn belong to "H^ and MiWWViW < Therefore 

oo 
i=l 

where 7r|/f is the restriction of the representation tt from G to H. This implies 
that u\h belongs to At^\^{H). On the other hand, let v be an element of Atj^^(H). 
Applying Theorem 12.11 (ii) again, we get 

oo 

i=l 

where and rj'^^ belong to "H^ and Y^^i < o*^- Define 

oo 
i=l 

Then w belongs to At^{G) and w\h = v. Hence At^{G)\h = A,^\^(H), and the 
latter is a closed subspace of B{G) by definition. 

Finally, for every u in B{G), we can find a representation u(x) = (7r(a;)^, rj) such 
that \\u\\s^G) = UWM- Then ulnih) = MhW^,??), and \\u\H\\BiH) < UWM = 

II'"||b(g)- □ 

Lemma 4.2. Let H be a closed subgroup of a locally compact group G such that 
Ag\h = ^H, o,nd TT be a representation of H . Lf At^{H) is a subset of Go{H) then 
Aind^riG) is a subset of Co{G) as well. 

Proof. Let be the nonzero positive invariant measure of G/H normalized such 
that for every / in Cc(G), 

(2) / [ f{xh)dhdfi{xH) = / f{x)dx. 

J G/H J H Jo 

For any ^ in Htt and v in Gc{G), we define the compactly supported function 
: G Htt, X i-> v{x)^. Let 77 and w be elements of 'H^ and Cc{G) respectively. 
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and compute the coefficient function of Ind^Tr corresponding to Vfv.s, and Vfw,ri- 



JG/H 



n(h)(v{x-^gh)Odh, / Ti{h'){w{gh')r^)dh')HM9H) 
G/H Jh jh 

v{x~^gh)w{gh'){T:{h)^,7r{h')r])-H^dhdh'dfi{gH) 
g/hJhJh 

v{x-^gh)w{gh'){T:{h'-^h)^,T])-H^dhdh'dfi{gH) 



G/H JH JH 

v{x-^gh'h)w{gh'){n{h)^,7])-H^dhdh'd^j,{gH) 



G/H JH JH 

(3) ^ v{x^^ gh)w{g)^ 'q{h)dhdg, 

Jg jh 

where in the last equaUty, we used the normalized relation stated in Equation 
Observe that for each x in G, the following integral is bounded. 

v{x-'gh)wig)\dhdg = / P\v\{x-^gH)\w\{g)dg < \\P\v\\\L^(^G/H)\MmG) < 

IGJH JG 

since P\v\ belongs to Cc{G/H). 

Let e > be given, and define ei = yp i n i — r — n . Since £ *n V belongs 

to Co{H), there exists a compact subset Ki of H such that |^ vWl < for 
every h in H\ Ki. Let K = [supp(w)]ifi[supp(z;)]~^, and note that K is compact. 
It is easy to see that if x and h are elements of G \ A' and Ki respectively, then 
v{x~^gh)w{g) = for every g in G. Hence, for each x in G \ K , 

\'Pfv,^*ind^'Pfw,7j{x)\ = I / / v{x^'^gh)w{g)i*T,ri{h)dhdg\ 

JG JH 

v{x^^gh)w{g)£, r]{h)dhdg\ 

IG JH\Ki 

< \v{x~'^gh)w{g)i*T,ri{h)\dhdg 

JG JH\Ki 

< ei / / \v{x~'^ gh)w{g)\dhdg < e, 

JG Jh 

which implies that Vfv,^ *ind„ T^fw,r) belongs to Go(G). Finally note that the set 
• " G Cc(G),^ G ■Htt} forms a total subset of the Hilbert space of the 
representation Ind^ , therefore 

IMI-B(G) 



^i„d,(G) = Span""^'^' {VU^^ *i„d, VU,r, : v,w e Gc(G),e,ry G n^} . 
Hence, Aind„(G) is a subset of Go(G) as well. □ 

A locally compact group is called a SIN-group if it has a neighborhood basis of the 
identity consisting of pre-compact neighborhoods which are invariant under inner 
automorphisms, i.e. their characteristic functions are central. Recall that a function 
1/ : G — >■ C is called central if for every g and g' in G, we have v{gg') = v{g'g). 
Examples of SIN-groups are Abelian groups, compact groups, and discrete groups. 
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It is easy to see that SIN-groups are unimodular. Moreover, every closed subgroup 
of a SIN-group is again a SIN-group. 



Theorem 4.3. Let H be a closed subgroup of a SIN-group G. Then the restriction 
map r : Bo{G) — > Bq{H) is surjective. 



Proof. Let dg and dh denote the Haar measures of G and H respectively. Note that 
G/H admits a G- invariant measure dg, since AqI// ~ ^h- Moreover assume that 
these measures are normalized so that Equation ^ holds. Let ttq be a representa- 
tion of H satisfying Bq{H) — A-^g{H), and let Ft^^{H) be the set of all the linear 
combinations of the coefficient functions of ttq . By Lemma I4.2[ every coefficient 
function of the induced representation Indiro of G vanishes at infinity. Hence by 
Proposition |4A] to prove that r is surjective, it is enough to show that Aind^^ 
is dense in FT,g{H), since (,(-//) is in turn dense in Bo{H). 

Let {Ua}a be a basis of relatively compact neighborhoods of the identity in G. 
For each a, let Va be a relatively compact neighborhood of ec such that V~^Va ^ 
Ua- Since G is a SIN-group, there exists a net {va}a of nonnegative continuous 
central functions which are not identically zero and satisfy supp(i;q) C Vq. Observe 
that for each a, the function v'a *Wq is a nonnegative continuous function supported 
in Ua- Moreover, 



■■Vaie)= / Vaiv ^)va{y ^ e)dy = / Va{y)va{y)dy ^ \\Va\\l> 0. 

JG Jg 



Let Ua = TO — ^'^^ each a. Then {UadHja is a basis of relatively compact 

neighborhoods of the identity in H , and the net {ua}a is a bounded approximate 
identity of L^{H) consisting of nonnegative continuous functions (see Theorem 
A. 1.8. of [SO])- It is clear that for every function g in C{H), and for every vector 
in Htt, the following equations hold. 



lim / Ua{h)g{h)dh ~ g(e) 
(4) lim||7roK)*i?-^?|l =0. 



Fix an element f = S, *7ro g of F^g(H), and consider the function Fa defined as 
in Equation [3] 



Faix) ^ {lnd^„{x)Pf^,^^^,Vfv'^.r,)To / v'ai^ ^gh)v'a{g)^*^„ri{h)dhdg, 

Jg jh 



G JH 
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where v' = ,,, ,, v^- For every h' in H, we have 



FaU(/i') = / / v'^{h'-^gh)v'^ig)C*^„v{h)dhdg 

JG JH 

v'^{ghh'-'^)v'Jg)C *7ro ri{h)dhdg 
""'aighWaig)^ *7ro v{hh')dhdg 

IG JH 

= 11 v'ai9-'hy^ig-'){7roih')^,Mh-')v)dhdg 

JG JH 

= (7ro(/i')C,7ro(ua)*?7), 
where we used the unimodularity of G and H. Note that 

\\.f - Fa\H\\B{H) = U V - (. MuaYvWBiH) < UWWV -M^aYvW 0, 

by (H]). Hence ^ind^g {G)\h is dense in Ft^^IH) and we are done. □ 



Theorem 4.4. Let G be a locally compact group. Then the restriction map r : 
Bo{G) — > B{)[H) is surjective in the following cases. 

(1) When H is the center of G. 

(2) When H is an open subgroup of G 

Proof. Let dg and dh denote the Haar measures of G and H respectively. In either 
of the above cases, the quotient space G/H admits a G- invariant measure dg that 
can be normahzed to satisfy Equation ([2]). Define ttq, ATrg{H), and Ft,^{H) as in 
the proof of Theorem 14.31 Again, we only need to show that ^ind„ {G)\h is dense 

Case 1: Suppose that H is the center of G. Let {h(a}a and {Vaja be bases of 
relatively compact neighborhoods of in G such that VaV^^ C for each a. Fix 
a net {va}a of nonnegative continuous functions which are not identically zero and 
satisfy supp(wq) C Vq,. Observe that for each a, the function Ua = *v*\'h\\"i — 
is a nonnegative continuous function supported in Ua D and the net {ua}a forms 
a bounded approximate identity for L^{H). Fix an element f = £, *Tro V of Ftto{H), 
and consider the function Fa defined as 



Fa{x) = {lnd,ro{x)'Pfv'^,i,'Pfv'^,rj}jr„ = / < (x ^gh)v'a{g)^*^„Tl{h)dhdg, 

JG JH 

where v' 
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For every h' in H, we have 

Fa\H{h') ^ v'^{h'^^gh)v'^{g)^*,roV{h)dhdg 

JG JH 

= 11 v'aigh'-'hWM^^^ovWdhdg 

JG JH 

'"'a{gh)v'^{g)C j]{h'h)dhdg 
vMvl{g-'h-'){7ro{h'K,Mh-')v)dhdg 
v',*vl]{h-'){7rom,Mh~')v)dh 



G JH 



G JH 



H 



where we used the imimodularity of H. Note that 

\\f - FalnWEiH) = U*7r„ ?? - C *7ro '^o{Ua)v\\ B{H) < UWWV - ■^o{Ua)* V\\ ~^ 0, 

by (gl). Hence Aind^^{G)\H is dense in F^g{H). 

Case 2: Assume that H is an open subgroup of G, and dh is the restriction of 
dx to the open subset H . Let {Ua}a be a basis of relatively compact neighborhoods 
of cg in G such that Ua ^ H for each a. Fix a net {ua}a of nonnegative continuous 
functions which are not identically zero and satisfy supp(Ma) C Uq,. Observe that 
the net {uq}q forms a bounded approximate identity for both L^{H) and L^{G). 
Fix an clement / = ^ ^^rj, j] of F-^^{H), and consider the function defined as 

Fa{x) = {\\iAT,„{x)VJu^,i,Vfu^,n)To= / / Ua{x^^gh)ua{g)^*Tro'n{h)dhdg. 

JG JH 

For every h' in H , we have 

Fa\H{h') =11 Ua{h'^'^gh)ua{g)i*-^og{h)dhdg 

JG JH 

I Ua{h'^^h" h)ua{h")^ *7ro g{h)dhdh" 

H JH 

[ Ua{h'-^h)uaih")£,*^„ g[h"-^h)dhdh" 

IH JH 

Note that 

11/ - Fa\H\\B(H) = U *7ro V - kolUa)?] *7ro [^o{Ua)v]\\ B{H} ^ 0, 

by Equation (g]). Hence Aind„ {G)\h is dense in F-^g{H) and we are done. 



□ 



One of the most natural questions about Bq (G) is to characterize the groups G 
for which the Rajchman algebra properly contains the Fourier algebra. In 1966, 
Hewitt and Zuckerman [IS] proved that the inclusion of A{G) in Bq{G) is proper 
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for every non-compact locally compact Abelian group G. On the other hand, in his 
study of the representations of ax + 6 group, Khalil |21j proved that the Rajchman 
algebra and the Fourier algebra coincide in this case. The question is open in 
general. 

A locally compact group G is called an AR-group if the left regular representation 
of G decomposes into a direct sum of irreducible representations. Clearly M is not 
an AR-group. On the other hand, compact groups and ax + b group are examples of 
AR-groups. Figa-Talamanca proved that if G is a unimodular non-compact locally 
compact group for which A{G) = Bo{G), then G is an AR-group {^U\ and [TU]). 
In [3], Baggett and Taylor showed that the above result holds even without the 
unimodularity condition. This result together with Theorem 3.1 of |23| implies 
that Bo{G) is larger than A{G) for any non-compact IN-group G. As a corollary of 
Theorem 14.31 we can easily obtain this result for the special case of non-compact 
connected SIN-groups. 

Corollary 4.5. Let G be a non-compact connected SIN group. Then A{G) ^ Bq{G) 

Proof. Assume not, i.e. A{G) = Bq{G). Since G is a non-compact connected SIN 
group, it has a non-compact Abelian closed subgroup H. By the surjective-ness of 
the restriction map for SIN groups we have, 

A{H) = A{G)\h - Bo{G)\h = Bo{H), 

where we have used the fact that for any locally compact group G and its closed 
subgroup H, the restriction map between the Fourier algebras are onto. But 
A{H) Bo{H) for any non-compact Abelian group. □ 

5. Amenability properties of Rajchman algebras 

In this section, we use the following hereditary property of (operator) amenability 
to extend the results of Section|3l Let A and B be (completely contractive) Banach 
algebras, and be a surjective (completely) bounded homomorphism from AtoB 
. If A is (operator) amenable then B is (operator) amenable as well (see Section 
2.3 of [30|). It is very easy to see that a similar property holds for the existence of 
a bounded approximate identity, i.e. 

Proposition 5.1. Let A and B be Banach algebras, and (p be a surjective bounded 
homomorphism from A to B . If {ua}a£i is a bounded approximate identity for A 
then {(l}iua)}aei is a bounded approximate identity for B. 

Moreover, a closed ideal of an amenable Banach algebra is amenable if it is weakly 
complemented. Finally recall that the existence of a bounded approximate identity 
is a necessary condition for (operator) amenability of a (completely contractive) 
Banach algebra. The reader may refer to [30] for more details. We are now able to 
characterize the groups G whose Rajchman algebras are amenable. 

Theorem 5.2. Let A be a closed subalgebra of B{G) which contains Bq{G). Then 
A is amenable if and only if G is compact and has an Abelian subgroup of finite 
index. 

Proof. Suppose G is compact and has an Abelian subgroup of finite index. Then 
Bq{G) = A = B{G), and it is amenable by Corollary 4.2 of p2] . 

Conversely, suppose that A is amenable. Since Bo{G) and A{G) are comple- 
mented ideals of A, they are amenable as well. Hence, by the characterization of 
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amenable Fourier algebras by Forrest and Runde [13], G is almost Abelian, i.e. it 
has an Abelian subgroup H of finite index. Note that H is clearly an open sub- 
group. Hence by Theorem l4.4l the restriction map r : Bq{G) -> Bq{H) is surjective, 
which implies that Bo{H) is amenable as well. Since H is Abelian, by Corollary 
13.41 the amenability of Bq{H) implies that H is compact. Therefore G is compact 
as well. □ 

The question of characterizing the operator amenability of Bq{G) turns out to be 
difficult. In the rest of this paper, we prove extreme cases for operator amenability 
of Bo(G). First note that if G is compact then So(G) = B{G) = A{G), and Bo(G) 
is operator amenable |28] . For certain groups such as Fell groups and the ax + b 
group, the associated Rajchman algebras are non-amenable, but they are operator 
amenable. Indeed, it has been shown for both cases that the Rajchman algebra and 
the Fourier algebra coincide (see [29] and [21]), and are operator amenable due to 
the amenability of the groups themselves |28| . On the other extreme, we show that 
the Rajchman algebra of a connected non-compact SIN-group and SL2(M) cannot 
be operator amenable. 

Proposition 5.3. Let G be a non-compact connected SIN-group. Then, Bq(G) 
does not have a bounded approximate identity, and is not operator amenable. 

Proof. Since G is a non-compact connected SIN-group, it is of the form G = M" x K, 
where X is a compact subgroup. Hence is a closed subgroup of the SIN-group 
G, and by Theorem 14.41 the restriction map r : -Bo(G) — > i?o(]R") is a surjective 
completely bounded algebra homomorphism. Now suppose that Bo{G) is has a 
bounded approximate identity. Then by Proposition lS . 1 1 Bn fR" ) also has a bounded 
approximate identity, which contradicts Theorem l3.3l Hence Bq{G) does not have a 
bounded approximate identity, which implies that it is not operator amenable. □ 

Remark. Let GL„(M) and H„(R) denote the general linear group and the 
Heisenberg group of degree n respectively. Using an argument similar to the 
proof of Proposition 15.31 one can see that the Rajchman algebras So(GL„(R)) 
and -Bo(H„(K)) do not have bounded approximate identities, and are not operator 
amenable. Indeed, we only need to consider the restriction map from each group 
to its center, and notice that the center of each group is non-compact. 

5.1. Special linear group. Let us now consider the case G = SL2(M). We use the 
notations from |11| and parametrize the dual space SL2 (M) through its identification 
with the following family of representations: 

trivial representation: t, 

principal continuous series: {tt^^ : t > 0} U {tt^^ : t > 0}, 
discrete series: {S±n '■ n > 2}, 
mock discrete series: 6±i, 
complementary series: {k^ : < s < 1}. 

We use the results of Repka [27] and Pukanszky [26] regarding the decomposition 
of tensor products of unitary representations of SL2(M) to observe that i3o(SL2(IK)) 
is not (operator) amenable. One may refer to [11], [7] and [I] for more details 
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regarding direct integrals. The author would like to thank Viktor Losert for pointing 
her attention to the above-mentioned results. 

Theorem 5.4. If G is the group SL2(M) then Bq{G) is not square-dense, i.e. 



BoiCr^BoiG). 

Proof. Let /i denote the Plancherel measure on SL2(]R). Recall that the Planchcrel 
measure of the complementary series, mock discrete series, and the trivial represen- 
tation is zero. Moreover, by Harish-Chandra's trace formula the Plancherel measure 
on the principal and discrete series is defined as 

, I , t irt 
dt^KKt) = ^tanhy dt, 

, t irt 

"M(7^,;t ) = 2 ^^^'^ y dt, 

M({^±n}) 

Therefore, by Proposition 8.4.4 of [7j, the left regular representation A is quasi- 
equivalent with the representation 

(5) / TT+dt® / 7r-dt©0(<5„®(5_„). 

J (o,oo) J (o.oo) yj_2 

Let TOg, denote the rcnormalizcd Plancherel measure given in ([5]). Define the new 
representations 



n+=/ 7r+dt®0(5; 

■J(o,oo) 



2k tb 0-2fc), 



and 



^0 = TT-di® 0((52fc+l ® (5_2fc-l), 

J{o,oo} j.^-^ 

and observe that the matrix coefficients and A^^- arc contained in A{G). Note 
that these representations are used in the direct integral decomposition of tensor 
products of irreducible unitary representations of SL2(ffi). In fact, Repka proved 
that if TT and tt' are irreducible unitary representations of SL2 (M) then 

® Kr+s-i if {tt, vr'} = {Kr, i^s} and r + s > 1 
n otherwise, 

where 11 is a subrepresentation of n^j^ or IIq , and ~q denotes the quasi-equi valence 
of representations. 

For irreducible unitary representations tt and tt' of G, let TOtt.^' denote the mea- 
sure on G which appears in the direct integral decomposition of tt (g) tt'. By [27] . 

absolutely continuous with respect to the Plancherel measure on Gr, 
and supp(TO7r,7r') contains at most one element from the complementary series. Now 
let u and u' be elements of the coefficient spaces At^ and At^i respectively, with trace 
operators Tjr and T^r' such that 

u = Tr(7r(-)T^) and w' = Tr(7r'(-)T^/). 

Then 

(6) uu' = Tr(^ (S) TT'i-)T^ (S) T^,) = / Tr{TT" {■)T^^,,.^.)dm„,^,{TT"). 

JG 
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Finally let u and u' be elements of Bq{G). By Corollary 3.55 of [I], there exist 
positive measures ^ and /i' on G such that 

u = ( Tiin{-)T^)dn{TT) and it' = / Tr(7r(-)T;)d/i'(7r), 
Jg "'g 

where {Tt^J^^^q and {r^j^gg are elements of L^{G, ^)® and L^{G, fi')® respectively. 
Therefore by ^ wc have, 

JGxG 

(7) = / [Tr{Ti"{-)T^,^,,^„)dm^,^,{n")d^i{ny). 

JgxG JG 

For a unitary representation tt of G, let tt denote the surjective map generated by 
TT from VNtj(G) to VN^(G), where w is the universal representation of G. Note that 
every unitary representation tt of G extends to a nondegenerate norm-decreasing 
^-representation of G*-algebras from G*(G) to G*(G), which identifies G*(G) with 
a quotient of G*(G). Then the dual map tt* identifies Bt^{G) with a subset of B{G), 
and wc have 

Hence for every S in VN^(G), we have 

Now fix a positive real number t. Then tt^ and ©^gQ^^^+jTr arc disjoint unitary 
representations of SL2(M), and by Proposition 3.12 of [I], and _ ^ 

it tt£G\{tv^^} 

intersect trivially. Therefore by the Hahn Banach theorem, there exists an element 
S in VNi^(G) such that tt^{S) ^ and tt{S) = for every other representation tt 
in G. Hence by Equation ([7]), 



(uu'j S) 



d{^ X ti'){TT, tt') — 0, 



Tr(7r"(S')r^_^/.^,/)d7«^_^/(7r") 

/GxG ■ 

where we used the fact that m-^.Tr' is continuous on the principal continuous series. 
Therefore S vanishes on Bq{GY but does not vanish on A^+. Moreover, it is 
known that is a subset of Bq{G) (e.g. an easy consequence of Kunzc-Stcin 
phenomena). Thus wc conclude that Bo{G) is not square-dense. □ 



The following corollary is a natural consequence of Theorem 15.41 together with 
Cohen factorization theorem on Banach algebras with bounded approximate iden- 
tities. 

Corollary 5.5. Let G denote the group SL2(M). Then Bq{G) does not have a 
bounded approximate identity, and is not (operator) amenable. 

Remark. Wc recall that a (completely contractive) Banach algebra is (operator) 
weakly amenable if every (completely) bounded derivation of the algebra into its 
dual space is inner (see [5] for the Banach algebra case and [T^] for the operator 
space setting). Spronk [34], and independently Samei [S^, showed that the Fourier 
algebra of a locally compact group is always operator weakly amenable. Moreover, 
it easily follows from Theorem 15.41 that i?o(SL2(M)) is not even (operator) weakly 
amenable. This contrasts with the above-mentioned results on the amenability of 
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the Fourier algebras, and illustrates the inherent distinction between the Rajchman 
algebra and the Fourier algebra. 

5.2. Discrete groups. 

Proposition 5.6. Let G be a discrete group which has an infinite Abelian subgroup 
H. Then, Bq{G) is not operator amenable. In particular, for any positive integer n, 
the free group F„ with n generators is not operator amenable. In addition, Bq (G) 
does not have a bounded approximate identity. 

Proof. Discrete groups are SIN-groups, and any subgroup of a discrete group is 
closed. By Theorem 14.41 the restriction map r : Bo{G) — >■ Bo{II) is a surjective 
completely contractive homomorphism. Assume that Bq(G) is operator amenable. 
Then by Bq{II) is operator amenable as well, which contradicts Corollary 13.41 since 
H is non-compact. 

Now assume by contradiction that Bq{G) has a bounded approximate identity, 
and let {ua\ be a bounded approximate identity of Bq{G). Then {wqI//} is a 
bounded approximate identity for Bo(H) which is a contradiction with Thcorcm l3.3l 

□ 

Let G be a discrete group. The group G is called periodic if every element 
of G is of finite order. The group G is called locally finite (respectively F2) if 
every finite (respectively two-element) subset of G generates a finite subgroup of 
G. Clearly the class of locally finite groups is contained in the class of F2 groups, 
which in turn is contained in the class of periodic groups. It has been shown in |16| 
that every infinite locally finite group contains an infinite Abelian subgroup. More 
generally, every infinite F2 group contains an infinite Abelian subgroup (see |35j). 
The following corollary follows easily from Proposition l5.6l 

Corollary 5.7. Let G be a discrete group such that Bq{G) is operator amenable. 
Then 

1. G is periodic. 

2. // G is locally finite, then G is finite. 

3. // G is F2, then G is finite. 

We can now characterize the discrete solvable groups whose Rajchman algebras 
are operator amenable. 

Theorem 5.8. Let G be a solvable discrete group such that Bo{G) is operator 
amenable. Then G is finite. 

Proof. Suppose G is solvable, i.e. it has a series {e} — Gq <lGi <J . . . <lGk = G such 
that Gi is normal in G^+i and the quotient Gi+i/Gi is Abelian for i = 0, . . . , fc — 1. 
we proceed by induction on the length of the subnormal series: 
Case 1: If fc = 1, then G is Abelian and we arc done. So we start with k — 2, 
and assume that {e} Gq < Gi < G2 = G is a subnormal scries such that Gi 
and G/Gi are Abelian. By functorial properties of Bq, we have that Bo{Gi) is 
operator amenable as well. Hence Gi is finite by CoroUarv 13.41 Now let 31,52 be 
two elements in the group G, and let w — g"^52^ . . . 3""ff2" be a word in the group 
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generated by gi and g2- Then 

g^^g^^^ . ..g^-gtGi = {g'^^G,){g^,^G,) . . . K"Gi)(52^"Gi) 

= (g^ Gi) . . . (gr-Gi) x (gl^^G,) . . . (g^^-Gi) 
ffF^'gl^'^'Gi, 

therefore every word in (.91,52) is of the form gfg2Z for some in Gi. Moreover 
gi and 172 arc periodic since the group has an operator amenable Rajchman alge- 
bra. Therefore (51,^2) is finite, i.e. G is F2. Recall that infinite F2 groups always 
have infinite Abelian subgroups, hence their Rajchman algebras cannot be operator 
amenable. Therefore G is finite. 

Case 2: First note that the group is periodic. Suppose that for periodic solvable 
groups of subnormal series of length less than n, if Bq{G) is operator amenable 
then G is finite (induction hypothesis) . Let G be a periodic solvable group with the 
subnormal series {1} = Go < Gi < . . . < G„ = G. Then by functorial properties 
and induction hypothesis, G„-i is finite. Repeating the same argument as in Case 
1, we get that G is finite as well. □ 
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